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TEMPERATURE RISE OF DIAMOND-LIKE CARBON DURING SLIDING: 
CONSIDERATION OF THE REAL CONTACT AREA 
 
S. Yamamoto1*, T. Liskiewicz2, K. Fujimura1, K. Tashiro1, O. Takai1 
1Kanto Gakuin University, Materials and Surface Laboratory, Japan 
2University of Leeds, School of Mechanical Engineering, UK 
 
Abstract 
The real contact area based on modified Hertzian theory derived from sinusoidal asperity 
model is introduced and the measurement method for the real contact area is proposed. 
The real contact approach is compared with the Greenwood-Williamson theory showing 
good agreement between the two methods. The separation between the contact surfaces 
is estimated by taking into account the surface roughness. The temperature rise at the 
sliding interface between the DLC coating and E52100 steel is evaluated experimentally 
by the thermal indicator paint method, and the real contact area ratio is estimated from 
the temperature simulation data. The temperature rise is discussed from the entropy 
balance point of view induced from the real contact area and the frictional energy.  
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Nomenclature 
A  = individual contact area 
An  = apparent contact area 
Ar  = real contact area 
a = contact radius 
d = distance between the two surfaces 
d0 = normalized d 
E  <RXQJV¶PRGXOXV 
(¶  = equivalent modules of elasticity 
H(x) = entropy of the normal distribution in the probability theory 
h = asperity height 
m3 = the third cumulant 
N = total asperities number 
P = load 
p0 = maximum contact pressure  
p(x) = random variable of normal distribution 
R = radius of the curvature 
r = positional variable in x-y plane 
sk = skewness 
W = maximum existence probability in the maximum value 
z = height axis  
z1 = height displacement of asperity 1 
z2 = height displacement of asperity 2 
ī = peak to peak height 
ĭ = probability density distribution 
Ȍ = plastic limit 
ȕ = contact angle at the side contact 
Ȗ  = dimension factor 
į1 = height displacement of asperity 1 due to pressure P 
į2 = height displacement of asperity 2 due to pressure P 
Ș = asperity density 
ȝ = mean height 
Ȟ = 3RLVVRQ¶VUDWLR 
ı = standard deviation 
Ĳ = coefficient of temperature rise due to the ratio of friction energy to real contact area 
Ȧ = interference 
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1. Introduction 
The real contact area is a key parameter for analysing friction, wear, heat generation and 
contact resistance. Several contact theories to discuss the tribological properties have 
been proposed [1]. The real contact area is often evaluated using computational methods 
as it very challenging to obtain it experimentally. Pauli, one of the greatest scientists of 
the 20th FHQWXU\VWDWHGWKDW³*RGPDGHWKHEXONVXUIDFHVZHUHLQYHQWHGE\WKHGHYLO´
This is true for not only physics, but also tribology. The real contact area determines the 
temperature rise at the sliding interface [2], and the temperature rise will affect the 
mechanical system performance. Kadiric et al. discussed the relationship between the 
temperature rise and the contact pressure distribution on the sliding rough surface [3]. 
The over-limit clearance of the sliding members, such as the piston ring, due to the 
thermal expansion from the friction heat could degrade the machine efficiency and cause 
a subsequent catastrophic breakdown. If the thermal effect induced by the friction heat 
can be included at the design stage of the powertrain, it would help in the manufacturing 
of more efficient engineering systems.    
Phenomenon of friction heat has been investigated for years, however it is still poorly 
understood due to its measurement difficulties [4±7]. In fact, many researchers have tried 
to measure the real maximum temperature between sliding surfaces. Several temperature 
measurement methods, such as using an infrared thermometer [8,9], the embedded 
thermocouple method [10] and scrubbing materials that form a thermocouple such as iron-
constantan [11±15], have been reported. Quinn [16@VWXGLHGWKH³KRW-VSRW´WHPSHUDWXUH
and estimated the localised temperature rise over ~700 °C. Wang et al. [17] reported that 
the bulk surface temperature reached ~200 °C for the transition of mild wear to severe 
wear in steel 52100. 
7KH³IODVKWHPSHUDWXUHKRW-VSRW´ concept was proposed by Blok [4,5]. He studied the 
heat theory of the maximum temperature rise at the contact area with reference to the 
Peclet number for the steady state. Jaeger [6] formulated the average temperature rise in 
terms of the Peclet number based on the Bessel function. Archard reported the friction 
heat for various sliding conditions and used thermal equations to explain that the 
temperature rise is inversely proportional to the contact diameter [7]. Based on the 
hypothesis that the frictional energy induced due to sliding is a key parameter that affects 
the temperature rise, Yamamoto et al. introduced the friction energy measurement method 
for tribotesters [18±20]. The authors categorised and quantified friction energy into the 
five tribological phenomena, namely, wear energy, friction heat, strain energy, plastic 
deformation energy and chemical energy [21]. The results showed that more than 99% of 
the frictional energy turns into heat. It has been also proven that energy consumption due 
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to wear at the interface is proportional to the frictional energy [20,22]. Fouvry [23] and 
Liskiewicz [24] have considered quantification of fretting wear based on dissipated 
energy.  
Computer simulations are one of the promising methods to estimate the temperature rise. 
Aghdam and Khonsari [25] compared the friction temperature between simulations and 
experiments in reciprocating dry sliding. Bansal and Streator [26] used energy-partition 
rate parameter, to improve their numerical simulations, by incorporating sliding 
conditions, such as the sliding velocity and evolving PDWHULDO¶VSURSHUWLHVYamamoto et 
al. [2] simulated the temperature rise on sliding surfaces between the DLC and a steel ball 
using the frictional energy and energy-partition rate. They verified the real contact area 
and the oxidised surface effect on the temperature rise on the sliding area.  
As the real contact area of a sliding surface determines the average and localised 
temperature rise, precise real contact area data is highly desirable. As the sliding interface 
remains invisible, the real contact area can only be estimated by reliable contact theory. 
The micro-geometric texture, which results from random asperity array, makes the contact 
theory even more complex. The pioneering contact theory introduced by Greenwood and 
Williamson (GW model) was based on a statistical concept [27]. The authors assumed the 
asperity heights have a Gaussian distribution and estimated the real contact area and mean 
pressure by numerical calculations. The theory proved a proportional relationship 
between the normal load and contact area. The closed-form solution was novel at that 
time, though still limited, as it assumed that the asperities were of the same spherical 
shape and size, as opposed to a flat and rigid surface where the Hertzian contact theory 
could be applied. Since the asperity size has a Gaussian distribution, the tip size of each 
asperity should be varied with its height. The initial statistical solution has being 
improved by many researches, including Greenwood and Williamson. Bush, Gibson and 
Thomas extended the GW model using elliptical and parabolic asperities (BGT theory) 
[28]. Whitehouse and Archard [29] and Hisakado [30] modified the GW model by adding 
the nonuniform radii of curvature concept. Chang at el. proposed the elliptic elastic-
SODVWLFPLFURFRQWDFWPRGHOE\ LQWURGXFLQJ WKHHIIHFWLYH UDGLXV UDWLR Ȗ >31]. Lui et al. 
compared the contact areas derived from the Gaussian and exponential distribution of the 
asperity height using the effective radius ratio, Ȗ >]. Furthermore, Greenwood 
embedded a term expressing the radius as the variable of the asperity height into his 
original formula to account for elliptical contacts [33].  
Another approach for characterising the real contact area is derived on the premise that 
the surface roughness is composed of a group of sinusoidal curves. The advantage of the 
sinusoidal model is that the roughness data can be coupled with the Fast Fourier 
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Transform (FFT) to analyse the surface roughness distribution. Providing that the surface 
topology is the synthesis of a Fourier series with a random phase, the statistical 
information can be described by the power spectrum. In his early work, Westaggard 
reported the exact closed-form solution of the contact model between the flat plane and 
the rough surface, on the basis that the asperity height varies as a pure sinusoidal curve 
of period L in the x direction [34]. Nayak developed the closed-IRUPVROXWLRQXVLQJDQĮ
parameter to indicate the bandwidth of the power spectrum density, namely, the range of 
the wavelength [35]. Johnson et al. used the exact displacement result based on the 2D 
and 3D sinusoidal pressure distribution written as a double Fourier series [36]. Stanley 
and Kato introduced the FFT method to improve the computational efficiency for the 
deterministic elastic model [37]. Jackson and Streator examined the iterative multiscale 
framework using the Fourier series coefficient obtained from FFT of the contact surfaces 
[38]. These sinusoidal models were constructed on the premise that the Hertzian contact 
theory is applicable to the sinusoidal curve.  
The main limitation of existing contact theories for approximation of contact 
temperature is their static nature as opposed to the dynamic character of the frictional 
interface. However, discussing a new contact model regardless of its static or dynamic 
nature is of interest. If the contact theory based on the sinusoidal radius can be derived 
from the Hertzian theory, it can lead to the improved contact theory. 
 
2. Consideration of the real contact area: sinusoidal model 
The Hertzian theory has been applied to the contact problem on the premise that the tip 
of the asperity is spherical. However, the sinusoidal model can offer better representation 
of the asperity, as the curvature of the sinusoidal function is dependent of the ratio of the 
periodic length to the sinusoidal height. Hence, the contact equations based on the 
sinusoidal mode can resolve the real contact area according to the variation of the 
asperities¶ WLS Furvature. Therefore, we have considered how the Hertzian theory is 
applicable to the sinusoidal model by using the real contact area equation based on the 
modified Hertzian theory following the GW method. 
 
2.1 Contact mode  
Archard [39] noted that the asperity model of the rough surface can be described as a 
hierarchical system with ³SURWXEHUDQFHXSRQSURWXEHUDQFH´There are several geometry 
levels to the contact model between the two bodies. Fig. 1 shows the geometrical concept 
for the two-body contact. It must be considered which level of the protuberance has the 
major contribution to the tribological process at the interface.  
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The initial geometry category should be the inclination of the body surface (level 1 in Fig. 
1). For considering the contact problem, it is assumed that the surfaces of the two bodies 
are parallel to each other. However, in reality, it is rare that the two surfaces are perfectly 
aligned, and the sphere contact that is independent of the parallel condition is exclusive. 
The next hierarchical level is waviness, as shown by level 2 in Fig. 1. Further down, the 
asperity scale is shown as level 3, and the subsequent levels are levels 4 and 5 described 
as micro-asperity and nano-asperity, respectively. It is important to understand which 
hierarchical level is dominating at the interface, however in general level 1 should be 
neglected. In the case where the wave range of level 2 is smaller than the height range of 
level 3, it is not necessary to consider the waviness of the surface. Overall, the asperity 
dimension governs the contact problem, and Eq. (1) expresses the contact events, where Ȟ stands for the peak-to-peak height for the level. 
 
MAX(Ȟ(Level 1), Ȟ(Level 2), Ȟ/HYHOÂÂÂ     
 
The equation (1) implies that the level with the highest value is dominant in the contact 
mode. The present roughness measurement systems can diminish the surface waviness 
using the cut-off function and the surface roughness data can be extracted. However, in 
the case where the Ȟ(Level 2) is dominating, it might be insignificant to evaluate the 
contact problem using level 3. Generally, Ȟ(Level 2) could be greater than Ȟ(Level 3), 
unless the surface is artificially controlled. In the case where the surface roughness is 
composed of a series of frequent curvatures, the dominant contact mode could be defined 
by the power spectrum density of the Fourier analysis. 
 
2.2 Contact equations of the sinusoidal model  
The contact equations of the sinusoidal model in this study were evaluated without taking 
into account the plastic index. Archard noted that the elastic contact only occurs in stable 
sliding [7]. Therefore, we focused on the real contact area in the elastic region for the 
temperature rise during stable sliding. The cycle length is proportional to the height by 
PXOWLSO\LQJE\WKHGLPHQVLRQIDFWRUȖ(TJLYHVWKH'PRGHODQGWKH'FXUYHLV
shown in Fig. 2. 
  ൌ ݄ଵ  ߨߛ݄ଵ ݔሺ ?ሻ 
 
where h1 is the asperity height. The sinusoidal curves at ɀ=2, ɀ=1 and ɀ=4 are drawn in 
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Fig.2 (a), Fig. 2 (b) and Fig.2 (c), respectively. The curvatures of the sinusoidal curves 
are altered with the dimension factor ɀ. 
 Eq. (3) gives the 3D model: 
  ൌ ݄ଵ  ߨߛ݄ଵ ݔ  ߨߛ݄ଵ ݕሺ ?ሻ 
 
Fig. 3 shows the 3D surface model, where the heights of the x and y directions are 
symmetrical. The proposed sinusoidal asperity model is more convenient than the 
previous models, because the asperity height and the radius of the contact tip can be 
controlled by h and Ț parameters independently. 
When the asperity tip in a 3D sinusoidal model is brought into contact with the opposing 
surface with a given force, the contact area has a circular shape resulting from the 
Hertzian contact based on the sphere model. 
The pressure distribution within the contact area is the same as the Hertzian calculation 
DQGWKHGLVSODFHPHQWįGXHWRSUHVVXUH3LVREWDLQHGE\(T, 
 ߜଵ ൌ  ? ?ሺ ? െ ଵ߭ଶሻܲܽଷܧଵ ቆܽଶ െ ݎଶ ?ቇሺ ?ሻ  
where E is <RXQJ¶V¶PRGXOXVD LVcontact radius, ɓ is 3RLVVRQ¶V UDWLR and r is positional 
variable in x-y plane. 
ZKHUHWKHVKULQNDJHȦLV 
 ɘ ൌ ሺݖଵ ൅ Ɂଵሻ ൅ ሺݖଶ ൅ ߜଶሻሺ ?ሻ 
 
Ȧ can be obtained with the following Hertzian theory derivation, as shown in Fig. 4. 
Curves 1 and 2 represent the cosine curve with heights h1 and h2, and the dimension 
IDFWRUVȖ1 DQGȖ2, respectively. The displacement z1 is described by Eq. (6): 
 ݖଵ ൌ ݄ଵ ൬ ? െ ߨߛଵ݄ଵ ݎ൰ሺ ?ሻ 
 
As r is close to zero, Eq. (6) can be transformed using a Taylor series by ignoring the 
higher power index, as shown in Eq. (7):  
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ݖଵ ൌ ߨଶ ?ߛଵଶ݄ଵ ݎଶ െ ߨସ ? ?ߛଵସ݄ଵ ݎସ ൅ ܱሺݎ଺ሻ ൎ ߨଶ ?ߛଵଶ݄ଵ ݎଶሺ ?ሻ 
 
The displacement z2 is also transformed, as well as Eq. (7): 
 ݖଶ ൎ ߨଶ ?ߛଶଶ݄ଶ ݎଶሺ ?ሻ 
 
Inserting Eqs. (4), (7) and (8) into Eq. (5) creates Eqs. (10) and (11) because the equality 
Eq. (9) = 0 is true when the factor r is independent. 
  ? ? ܲܽܧ͛ െ ߱ ൅ ݎଶ ቊߨଶ ? ቆ  ?ߛଵଶ݄ଵ ൅  ?ߛଶଶ݄ଶቇ െ  ? ? ܲܽଷܧ͛ቋ ൌ  ?ሺ ?ሻ 
 ߱ ൌ  ? ? ܲܽܧN?ሺ ? ?ሻ 
 ߨଶ ? ቆ  ?ߛଵଶ݄ଵ ൅  ?ߛଶଶ݄ଶቇ ൌ  ? ? ܲܽଷܧN?ሺ ? ?ሻ 
 
 ׶   ?ܧ䈓 ൌ  ? െ ଵ߭ଶܧଵ ൅  ? െ ଶ߭ଶܧଶ  
 
The formulas of the sinusoidal contact model were modified using the asperity height and 
the dimension factor, instead of the radius of the sphere in the Hertzian contact formula, 
as shown in Eqs. (12)±(14), 
        ܽଷ ൌ  ? ? ߛଵଶߛଶଶ݄ଵ݄ଶߛଵଶ݄ଵ ൅ ߛଶଶ݄ଶ ൬  ?ܧN?൰ ܲߨଶ ሺ ? ?ሻ 
 ߱ଷ ൌ  ? ? ?ߛଵଶ݄ଵ ൅ ߛଶଶ݄ଶߛଵଶߛଶଶ݄ଵ݄ଶ ൬  ?ܧN?൰ଶ ሺߨܲሻଶሺ ? ?ሻ 
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݌଴ ൌ ݇ܽ ൌ  ? ?ሺߨܲሻଵଷ ቆ ? ? ߛଵଶߛଶଶ݄ଵ݄ଶߛଵଶ݄ଵ ൅ ߛଶଶ݄ଶ  ?ܧN?ቇିଶଷ ሺ ? ?ሻ 
 ׶  ൌ  ?ܲ ?ߨ ଷܽ ݅݊ܪ݁ݎݐݖ݅ܽ݊ݐ݄݁݋ݎݕ 
 
In the case where the body 2 is a plane VXUIDFHȖ2h2 is infinite. Hence, the equations can 
be modified as shown below: 
 ܽଷ ൌ  ? ?ߛଵଶߨଶ ݄ଵ  ?ܧN?ܲ ሺ ? ?ሻ 
 ߱ଷ ൌ  ? ? ?ߨଶߛଵଶ  ?݄ଵ ൬  ?ܧN?൰ଶ ܲଶሺ ? ?ሻ 
 ݌଴ ൌ ݇ܽ ൌ  ? ?ሺߨܲሻଵଷ ൬ ? ?ߛଵଶ݄ଵ  ?ܧN?൰ିଶଷ ሺ ? ?ሻ 
 
Eqs. (12)±(14) were simplified on the basis that the dimension factor Ȗ is the same for 
both surfaces, as shown in Eqs. (18)±(20).  
 ܽଷ ൌ  ? ?ߛଶߨଶ ݄ଵ݄ଶ݄ଵ ൅ ݄ଶ  ?ܧN?ܲ ሺ ? ?ሻ 
 ߱ଷ ൌ  ? ? ?ߨଶߛଶ ݄ଵ ൅ ݄ଶ݄ଵ݄ଶ ൬  ?ܧN?൰ଶ ܲଶሺ ? ?ሻ 
 
݌଴ ൌ ݇ܽ ൌ  ? ?ߨቆߨଶߛଶቇଶଷ ܲଵଷ ൬ ? ? ݄ଵ݄ଶ݄ଵ ൅ ݄ଶ  ?ܧN?൰ିଶଷ ሺ ? ?ሻ 
 
It is expected that the probability of contact of two opposing asperities at their tips is very 
low (Case I), and there is a much higher probability that the sides of the asperities are 
brought into contact (Case II), as shown in Fig. 5. 
The formula of the radius of the curvature is Eq. (21): 
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 ൌ ቀ ? ൅ ݂͛ ሺܽሻଶቁଷ ଶൗȁ݂  ?ሺܽሻȁ ሺ ? ?ሻ 
  
The radius of the curvature of Eq. (2) was obtained using Eq. (21): 
 
ܴଵ ൌ ݄ଵ ൬ ? ൅ߨଶߛଶ ݏ݅݊ଶ ߨߛ݄ଵ ݔ൰ଷ ଶൗߨଶߛଶ  ߨߛ݄ଵ ݔ ሺ ? ?ሻ 
 
In the case where x is nearly zero, Eq. (22) can be modified to Eq. (23) because sinɅ is 
equivalent to ș 
 
ܴଵ ൌ ݄ଵ ൬ ? ൅ ߨସߛସ݄ଵଶ ݔଶ൰ଷ ଶൗߨଶߛଶ  ߨߛ݄ଵ ݔ ሺ ? ?ሻ 
 
 
If ʌ Ȗ(TFDQEHVLPSOLILHGDVVKRZQLQ(T  ܴଵ ൌ ݄ଵߨଶߛଶ  ߨߛ݄ଵ ݔሺ ? ?ሻ 
 
The cosine curve of Eq. (2) at position x is the equivalent to the radius R1 expressed by 
Eq. (24). The side wall contact area of the sinusoidal model was solved as the radius 
contact model based on Hertzian theory as shown in Fig.6. The Hertzian contact equation 
using the radius is shown in Eq. (25). 
 ܽଷ ൌ  ? ? ܴଵܴଶܴଵ ൅ ܴଶ ܲܧN?ሺ ? ?ሻ 
 
Because the normal factor of the load P at position x is PcosȕȾ=Ɏx/ɀh1), Eq. (25) can 
be recalculated using the radius Eq. (24), as shown in Eq. (26), which proves that the 
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contact area resulting from bringing into contact the side walls of the asperities is the 
same as the contact area of the two tips of the asperities, as shown in Eq. (18). 
 
 ? ?
݄ଵߨଶߛଶ  ߚ  ? ݄ଶߨଶߛଶ  ߚ݄ଵߨଶߛଶ  ߚ ൅ ݄ଶߨଶߛଶ  ߚ
 ?ܧN?ܲ  ߚ ൌ  ? ?ߛଶߨଶ ݄ଵ݄ଶ݄ଵ ൅ ݄ଶ  ?ܧN?ܲ ൌ ܽଷሺ ? ?ሻ 
 
2.3 Real contact area based on the sinusoidal model 
The approximation of the Hertzian equations for an asperity were described by 
Timoshenco and Goodier [40] in the case where body 2 is a flat and rigid plane. 
 ܽଵ ൌ ܴଵଵଶ߱ଵଵଶܣଵ ൌ ߨܴଵ߱ଵ ଵܲ ൌ  ? ?ܧܴ͛ଵଵଶ߱ଵଷଶሺ ? ?ሻ 
 
ZKHUHȦ1 is the interference (h1íd) for the asperity. The h1 and d are the heights of the 
asperity and the distance between the contact surfaces, respectively. The geometric 
relationship in an asperity is drawn in Fig. 7. One should realise that the shape of the 
asperities is characterised by a low angle slopes, though they are apt to be misunderstood 
as sharp peaks because the vertical scale of the roughness graph has a different scale.   
The real contact area in the GW theory was derived based on Eq. (27). The contact theory 
of the sinusoidal model is obtained through the derivation of the GW equations 
analogically. Fig. 8 shows the geometric relationship between the flat and sinusoidal 
surfaces. 
The difference between the asperity height and the interferHQFHȦLVHTXDOWRWKHDVSHULW\
height at the distance a1, as shown in Eq. (28). If a1 is small, it can be described as shown 
in Eq. (29) by the Taylor expansion of the cosine in Eq. (28). 
 ݄ െ ߱ ൌ ݄  ߨߛ݄ ܽଵ ൎ ݄ ቆ ? െ ? ? ߨଶߛଶ݄ଶ ܽଵଶቇሺ ? ?ሻ 
 ܽଵ ൌ  ? ?ߛߨ ݄ଵଶ߱ଵଶሺ ? ?ሻ 
 
The contact area A1 is:  
12 
 
 ܣଵ ൌ  ?ߨ ߓଶ݄߱ሺ ? ?ሻ 
 
The contact load P1 is obtained from Eq. (16): 
 
ଵܲ ൌ  ? ?ߛߨ ܧ݄͛ଵଶ߱ଷଶሺ ? ?ሻ 
 
The local pressure is calculated as: 
 
ଵܲܣଵ ൌ  ? ?ߛܧ݄͛ିଵଶ߱ଵଶ ൌ  ? ?ߛܧ͛ඨ݄ െ ݄݀ ൌ  ? ?ߛܧ͛ඨ ? െ݄݀ ሺ ? ?ሻ 
 
When the two surfaces contact until separated by a distance d, then any asperity which 
height was originally greater than d will be contacted. The probability of making contact 
over the given height d, 
 ݌ݎ݋ܾሺ݄ ൐ ݀ሻ ൌ න ߔሺ݄ሻ݄݀҄ௗ ሺ ? ?ሻ 
 
ĭ[LVWKHSUREDELOLW\GHQVLW\GLVWULEXWLRQ 
Because ɘ= h Ȃ d and A1 = 2ɀ2Ɏെ1hɘǡthe mean contact area is:  
  ?ߛଶߨ න ݄ሺ݄ െ ݀ሻ҄ௗ Ȱሺሻሺ ? ?ሻ 
 
the expected real contact area Ar is: 
 ܣ௥ ൌ   ?ߛଶߨ න ݄ሺ݄ െ ݀ሻ҄ௗ Ȱሺሻሺ ? ?ሻ 
 
where N is the total asperity number in the apparent contact area An.  
Since N = An × Ʉ, which is the asperity density, the real contact area rate is estimated by 
the following equation for the case where the asperity height has a Gaussian distribution. 
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 ܣ௥ܣ௡ ൌ  ?ߛଶߨ ߟ න ݄ሺ݄ െ ݀ሻ  ? ? ?ߨߪ҄ௗ ݁ݔ݌ ቆെ  ? ?൬݄ െ ߤߪ ൰ଶቇ ݄݀ሺ ? ?ሻ 
 
ZKHUHıDQGȝDUHWKHVWDQGDUGGHYLDWLRQDQGWKHPHDQKHLJKWRIWKHPHDVXUHGDVSHULWLHV
on the rough surface, respectively. Normalisation by the variable transformation of z = 
KíȝıPDNHVEq. (36), modified as below: 
 ܣ௥ܣ௡ ൌ  ?ߛଶߨ ߟ න ሺߪݖ ൅ ߤሻሺߪሺݖ െ ݀଴ሻሻ  ? ? ?ߨ҄ௗబ ݁ݔ݌ ቆെ ݖଶ ?ቇ ݀ݖሺ ? ?ሻ 
   
where normalised d0 LVGíȝı   
The expected total load P is expressed using Eq. (38). 
 ܲ ൌ  ? ?ߛߨ ߟܣ௡ܧ͛න ݄ଵଶሺ݄ െ ݀ሻଷଶ߶ሺ݄ሻ݄݀҄ௗ ሺ ? ?ሻ 
 
The normalised P by An(¶LVVKRZQEHORZ  
 ܲܣ௡ܧ͛ ൌ  ? ?ߛߨ ߟ න ሺߪݖ ൅ ߤሻଵଶሺߪሺݖ െ ݀଴ሻሻଷଶ  ? ? ?ߨ݁ݔ݌ ቆെ ݖଶ ?ቇ ݀ݖ҄ௗబ ሺ ? ?ሻ 
 
The current asperity model has been designed with the asperity width proportional to the 
DVSHULW\ KHLJKW E\ WKH GLPHQVLRQ IDFWRU Ȗ 7KH SUREDELOLW\ GLVWULEXWLRQ RI WKH DVSHULW\
ZLGWKLVWKHVDPHDVWKHDVSHULW\KHLJKWGLVWULEXWLRQPXOWLSOLHGE\Ȗ%HFDXVHWKHH[SHFWHG
YDOXHRIWKHDVSHULW\ZLGWKGLVWULEXWLRQLVDSURGXFWRIWKHPHDQKHLJKWȝDQGȖWKHDVSHULW\
density is derived by the area (1 m2) divided by the average asperity area.   
 ɄሺȀ݉ଶሻ ൌ  ?ߨሺߛ ൈ ߤሻଶ ሺ ? ?ሻ 
 
Eqs. (37) and (39) are modified by inserting the asperity density, Eq. (40). 
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ܣ௥ܣ௡ ൌ  ?ߨଶߤଶ න ሺߪݖ ൅ ߤሻሺߪሺݖ െ ݀଴ሻሻ  ? ? ?ߨ҄ௗబ ݁ݔ݌ ቆെ ݖଶ ?ቇ ݀ݖሺ ? ?ሻ 
 ܲܣ௡ܧ͛ ൌ  ? ?ߨଶߛߤଶ න ሺߪݖ ൅ ߤሻଵଶሺߪሺݖ െ ݀଴ሻሻଷଶ  ? ? ?ߨ݁ݔ݌ ቆെ ݖଶ ?ቇ ݀ݖ҄ௗబ ሺ ? ?ሻ 
 
Eq. (41) indicates that the real contact area ratio is uniquely determined by the mean 
height Ɋ, standard deviation ɐ and dimensionless d0 because of eliminating Ȗ)LJVKRZV
the relationship between the real contact area ratio and the normalised d0, calculated using 
Eq. (41) under the conditions of ı= 1.1×10-8 m ȝPDQGȝ î-8 m (0.089 
ȝP)LJVKRZVWKHQRUPDOLVHGSUHVVXUHDVDIXQFWLRQRIWKHQRUPDOLVHGG0 with the 
VDPHURXJKQHVVFRQGLWLRQDV)LJ7KHODUJHUȖLVZKLFKPHDQVWKHDVSHULW\LVSODQDULVHG
the smaller the normalised pressure is.  
The real contact area ratio was plotted as a function of the normalised pressure using the 
common parameter d0 in Fig. 11. The line obtained by the sinusoidal model is shifted to 
DORZHUSUHVVXUHZLWKLQFUHDVLQJȖThe lines obtained by GW theory and predicted by 
Jackson and Streator (JS theory) [38] are also shown by the solid lines as references in 
the figure. The gradients obtained by the sinusoidal model and the reference lines are 
DOPRVWSDUDOOHO7KHOLQHDWȖ LVRYHUODSSHGZLWKWKH*:OLQH7KHOLQHDWȖ 25 is 
overlapped with the JS line. This proves the effectiveness of the sinusoidal model, in 
accordance with the references derived from elastic theory.  
 
3. Methodology 
3.1. Materials 
DLC was deposited using radio frequency plasma enhanced chemical vapour deposition 
by feeding 15 sccm benzene (C6H6) at 0.3 Pa on a WC-9%Co alloy. The thickness of the 
DLC was ~ȝP7KHQLWURJHQDWHG'/&GHQRWHGDV1'/&ZDVSURGXFHGE\IHHGLQJ
the extra nitrogen flow rate at 30 sccm [41]. The mechanical properties such as hardness, 
<RXQJ¶V PRGXOXV PHDQ URXJKQHVV Ɋ, standard deviation ɐ and skewness, of the 
specimens are listed in Table 1. 7KHPLFURKDUGQHVVDQG<RXQJ¶VPRGXOXVRIWKH'/&V
were measured by a nano-indenter (Swiss CSM Instruments). A Berkovich stylus was 
penetrated into the DLC film, applying a maximum load at 5 mN to keep the indentation 
depth less than 10% of the DLC thickness. An average of ten points of the hardness and 
<RXQJ¶VPRGXOXVZDVREWDLQHG 
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The 3D data of the surface height of the DLCs for pre- and post-tribotests were obtained 
by a laser microscope (OLYMPUS OLE-4000) with the resolution of 10 nm.  
 
7DEOH+DUGQHVV<RXQJ¶VPRGXOXVDQGWKHURXJKQHVVGDWDRIWKH'/&V 
Specimen 
Hardness 
(GPa) 
<RXQJ¶V
modulus 
(GPa) 
Mean roughness 
ȝP Ɋ Standard deviation ɐ Skewness 
DLC 
Pre 
36.2 292 
0.112 0.014 3.90 
Post 0.144 0.008 0.52 
NDLC 
Pre 
24.7 221 
0.920 0.025 0.15 
Post 0.373 0.007 -0.82 
 
3.2. Tribological tests 
E52100 steel and alumina balls were used for the ball-on-disk test (RHESCA FRP-2100). 
The balls were cleaned ultrasonically in an acetone and ethanol baths for 3 min and dried 
at 50 °C for 30 min. The tribotests of the DLCs against the balls were implemented 
immediately with conditions of the applied load N of 9.8 N, a sliding velocity of 100 
mm/s and a sliding distance of 200 m with lubricant-free conditions. The test environment 
was at room temperature (~20 °C) and the humidity was ~10±20%. The friction energy 
Ef was measured based on the Ȉ)iÂSi formula using the CSV data that logged the friction 
force at each sampling time in the ball-on-disk system [18±21].  
The temperature rise on the sliding area between E52100 and the DLC was evaluated 
by the thermo-paint method (NiGK Corp.) at No. 13 (paint colour at 130 °C), No. 26 
(paint colour at 260 °C), No. 33 (paint colour at 330 °C) and No. 46 (paint colour at 
460 °C). The temperature indicator was painted on the steel ball before each tribotest. 
After the test, the paint colour near the sliding area was observed by the microscope to 
determine which paint No. turned the colour. 
 
3.3. Temperature distribution simulation  
The temperature distribution in the steel ball was simulated by ANSYS. The simulation 
model is shown in Fig. 12. The size of the 3D sphere model was ࢥ 4.8 mm and the four 
diameters of the contact area were set DWDQGȝP7KHUHJLRQQHDUWKH
contact area was divided into three layers of which the thicknesses were 0.01 mm for the 
first layer (contact layer), 0.09 mm for the second layer and 0.4 mm for the third layer in 
order to apply material properties, such as oxidised iron. The 3D model, of which the 
number of nodes and elements were 4870 and 1209, respectively, was simulated with 
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different frictional energies obtained by the tribotests on the basis that the heat flow to the 
sliding direction is negligible [2]. Table 2 shows the initial parameters of the simulation 
for E52100. 
 
Table 2. Initial conditions for the temperature distribution simulation of the E52100 ball. 
Thermal 
conductivity 
:PÂC 
Heat transfer 
coefficient 
W/m2Â°C 
Initial temperature 
(°C) 
Frictional energy in watt  
46  
 
4.65 22    Layer 1 
22      Layer 2 
22      Body  
0.2  (at 4.9 N test) 
0.4 (at 9.8 N test) 
0.8 (at 19.6 N test) 
1.2 (at 29.4 N test) 
 
4. Results and discussion 
4.1. Temperature rise on the sliding surface 
Fig. 13 shows the cross section of the temperature distribution near the contact area for 
the steel ball. The maximum temperature rise is at the contact surface. The friction heat 
was dispersed rapidly into the ball and the temperature at 0.3 mm above the contact 
surface was near to the initial temperature. The maximum temperature rise as a function 
of the frictional energy and contact diameter is plotted in Fig. 14. The temperature rise 
becomes higher with increasing frictional energy or decreasing contact diameter.  
Fig. 15 shows the temperature rise simulation results as a function of sliding velocity on 
WKHFRQGLWLRQRIWKHDSSDUHQWFRQWDFWGLDPHWHURIWKHVWHHOEDOODWȝP against the DLC. 
For the calibration of the simulation data, the Peclet number at 0.8 of the DLC and the 
steel ball on the tribotest conditions was calculated using thermal conductibility, specific 
heat and sliding velocity. The energy partition rate of the contact materials at a Peclet 
number of 0.8 was estimated using the energy partition function [26]. The simulation 
results were calibrated by the obtained energy partition rate at 48% for the steel ball and 
at 52% for the DLC [2]. The temperature rises on the three-different real contact area ratio 
at 1/10, 1/100 and 1/1000 are plotted. The temperature rise was higher with decreasing 
real contact area ratio. The determination of the real contact area ratio is important to 
estimate the temperature rise on the sliding surface because the temperature rise is very 
sensitive to the contact area. 
Fig. 16(a) and (b) shows the thermal indicator results on the sliding area of the steel ball 
and the DLC, respectively. Fig. 16(a) is the optical image near the wear scar on the steel 
ball and Fig. 16(b) shows the wear track on DLC painted by the No. 26 thermal indicator 
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after the tribotest at a sliding speed at 100 mm/sec and the load at 9.8 N. It was verified 
that the original light blue colour of the No. 26 turned to dark red on both specimens, 
which indicated that both sliding surfaces experienced over 260 °C but less than 330 °C. 
The temperature rise approximately at 260 °C corresponding to the thermal indicator test 
at 100 mm/sec was obtained on the 1/1000 line in the simulation result presented in Fig. 
15. 
 
4.2 Comparison of the real contact area obtained from the experiments and 
simulation 
The real contact area ratio between the steel ball and the DLC on the present tribotest 
conditions was estimated approximately at 1/1000 by the thermal indicator test and the 
computer simulation. The normalised pressure in this experiment, of which the 
measurement parameters were the contact diameter at 400 ɊPWKHORDGDW1<RXQJ¶V
modulus of the steel at 210 GPa and the DLC at 321 GPa, was ~5  10-4. The real 
contact area ratio at 1/1000 was obtained on the line of Ț = 1 in Fig. 11. This could 
mean the micro-asperity contact was dominant in the present sliding experiment because 
the underlying waviness or larger asperities could be characterised by a larger Ț 
parameter.  
It is clear that the asperity dimension affects the contact area significantly. Further 
investigations could be required where Ȗ LV QRW FRQVWDQW EXW rather distributed, or the 
opposite body is not flat, but has different roughness.  
 
4.3 Evaluation of the real contact area ratio using the surface height distribution  
Counting the asperity number is difficult practically because the definition of the asperity 
shape is obscure due to the awkward shape. The definition using the three-point or seven-
point method of the countable asperity is discussed [42]. The number of the asperities is 
also sensitive to the measurement resolution. In this section, the estimation method of the 
real contact area ratio based on the surface height distribution instead of the asperity 
KHLJKWGLVWULEXWLRQLVSURSRVHG)LJVKRZVWKHLQWHUIHUHQFHȦUHJLRQEHWZHHQWKHURXJK
and flat surface in two dimensions. 
The two asperities in the interference are shown in Fig. 17. The areas in the region of the 
two asperities are also different, as indicated by the thick black lines, because both sizes 
are different. This means that the contact area of the asperities is equivalent to the asperity 
area located in the interference space and the number of the asperities is not significant. 
The laser microscope measures the surface height in each segment, for instance, the 1024 
× 1024 measurement segment is shown in Fig. 18. In other words, one data point obtained 
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by the 3D laser is representative of the segment area. The integration of the normalised 
distribution for the surface height must be at 1, which means the observation area is also 
normalised as 1. When a rigid and flat plane is pressed against the rough surface until 
distance d, the real contact area ratio to the apparent area can be estimated by the area of 
the integration of the normalised surface height distribution between the normalised d0 
and the maximum asperity height h, as shown in Fig. 19. Plastically deformed area can 
be REWDLQHGE\LQWHJUDWLRQEHWZHHQWKHSODVWLFOLPLWȌDQGWKHPDximum asperity height 
h [43]. Eq. (41) and Fig. 9 show that the real contact area ratio is uniquely determined by 
the dimensionless separation d0 at the given mean height and standard deviation, which 
is equivalent to the method presented in this section. If the displacement d is caused by 
the given pressure, the real contact area ratio could be estimated using the surface height 
distribution parameters such as the mean height Ɋ and standard deviation ɐ
3D surface height data and the normalised d0. Hence, the real contact area during sliding 
can be estimated by the 3D surface height data obtained after sliding test. 
6WDWHGGLIIHUHQWO\ LI WKHPHDQKHLJKWȝVWDQGDUGGHYLDWLRQıDQG WKHUHDOFRQWDFWDUHD
were known, the gap between the two surfaces could be estimated. The surface height 
distribution of both DLC coatings before and after test measured by the 3D laser 
microscope are shown in Figs. 20 and 21, respectively. The real contact area ratio of 
1/1000 was equal to the area of the normal distribution between d0 and h.  Therefore, the 
gap at the four interfaces listed in Table 1 against the rigid flat surface can be evaluated 
under zero skewness. The d0 at the area=1/1000 is approximately 3.1 as per a standard 
normal distribution tabulated values. Hence, the gap can be calculated using the formula 
d0 = (d ± ȝı 7DEOH  One can notice, that the separation of surfaces after the 
tribological test was reduced. A precise knowledge of the extent of the separation would 
be a useful parameter for the development of sealing technology. 
 
Table 3. Separation EHWZHHQWKHPHDQKHLJKWRIWKHURXJKVXUIDFHDQGWKHIODWVXUIDFHGíȝ 
Surface DLC pre- test DLC post-test NDLC pre- test NDLC post-test 
6HSDUDWLRQȝP 0.043 0.025 0.078 0.022 
 
4.4. Entropy of surface roughness 
The real contact area ratio during the sliding could be estimated using the method 
proposed in Section 4.3 by measuring the gap between the mean height and the opposite 
surface and the 3D surface roughness information. 
 Table 1 shows that skewness parameters after tribotests were decreased due to wear. The 
skewness is deviation index from the Gaussian distribution resulting from the height 
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distribution deformed by wear or polishing operation. The skewness parameter Sk is 
derived from the ratio of the third moment and the cube of the standard deviation:  
 
 
ܵ௞ ൌ  ?݊ ? ሺݔ௜ െ ݔҧሻଷ௡௜ୀଵቆට  ?݊ െ  ? ? ሺݔ௜ െ ݔҧሻଶ௡௜ୀଵ ቇଷ ൌ ݉ଷߪଷ ሺ ? ?ሻ 
 
It is assumed that the peaks of the asperities are being shaved off by the sliding, as shown 
in Fig. 22. The surface height distribution is then deviated to the left, as shown in Fig. 23, 
and the skewness is decreased based on the skewness definition of Eq. (43). 
The entropy obtained from the probability theory proves that the probability density 
distribution with the maximum entropy is Gaussian in nature. It is worth noting that also 
Greenwood and Williamson introduced the asperity height distribution as a Gaussian 
distribution. Hence, the native roughness is characterised as the Gaussian distribution 
from an entropic point of view. 
The entropy concept was established not only in thermodynamics and statistical 
mechanics, but also in probability theory, especially information processing theory. Both 
entropies, originated from physics and mathematics, show that the quantitative indication 
of the disorder though the derivation processes is different. The entropy derived from 
Boltzmann is klogW, where W stands for the maximum existence probability in the 
maximum existence number, which state is in equilibrium conditions. In other words, the 
entropy has the maximum value at the equilibrium condition. Therefore, one could 
observe that the manufacturing operation, which creates the order, is in fact an activity 
reducing the entropy by using available energy. 
 The entropy H(x) of the normal distribution in the probability theory is obtained as below. 
 ܪሺݔሻ ൌ െ ෍ ݌௜ ݈݋݃݌௜ሺ ? ?ሻ 
 
When pi is the random variable of the normal distribution, p(x) is: 
 ݌ሺݔሻ ൌ  ? ? ?ߨߪ ݁ݔ݌ ൬െ  ? ?ቀݔ െ ߤߪ ቁଶ൰ሺ ? ?ሻ 
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ܪሺݔሻ ൌ െ න ݌ሺݔሻ݈݋݃݌ሺݔሻ݀ݔ ൌ ݈݋݃ ? ?ߨ݁ߪ҄ି҄ ሺ ? ?ሻ 
 
Eq. (46) indicates that the entropy of the normal distribution is dependent on the standard 
GHYLDWLRQı:HFRQVLGHUHGKRZWKHKHLJKWGLVWULEXWLRQLVYDULHGE\WKHZHDURUSROLVKLQJ  
The standard deviation can be expressed by transforming Eq. (43): 
 ߪ ൌ ඨ݉ଷݏ௞య ሺ ? ?ሻ 
 
This predicts that the entropy is lowered by generation of the skewness from Eqs. (46) 
and (47).  
 
4.5. Thermodynamic approach to study the temperature rise 
There are several papers that discuss the tribological properties in terms of 
thermodynamics. Banjac et al. reported the temperature rise and wear from a 
thermodynamical point of view [44]. Bryant [45], Amiri and Konsari [46,47] employed 
entropy as a measure of the degradation caused due to wear and formation of dissipative 
structures during friction. Yamamoto introduced the thermodynamics equations based on 
the frictional energy [48].  
During sliding, heat and wear are generated by the friction energy. Most of the frictional 
energy is wasted as heat [21] and the temperature due to the frictional energy becomes 
stable in the equilibrium state, in which it is assumed that the wear volume is minimal. 
Since the sliding region is a constant pressure, the Gibbs free energy is:  
 ߂ܩ ൌ ߂ܷ ൅ ߂ܸܲ ൅ ݌߂ܸ െ ߂ܶܵ െ ܶ߂ܵ ൌ ߂ܷ െ ܶ߂ܵሺ ? ?ሻ 
 
In the case where the internal energy U is regarded as the dispersive frictional energy Er, 
Er is negative. When ǻ* (T (48) is: 
   ? ൌ െ߂ܧ௙ െ ܶ߂ܵ߂ܵ ൌ െ ߂ܧ௙ܶ ሺ ? ?ሻ 
 
Yamamoto et al. [2] proved that the temperature rise on the sliding condition is 
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proportional to the friction energy Ef and inversely proportional to the real contact 
diameter a.  
 ܶ ൌ ߬ ܧ௙ܽ ሺ ? ?ሻ 
 
ZKHUHĲLVWKH proportional factor. Insert (50) into (49): 
 െ߂ܵ ൌ ܽ߬ ߂ܧ௙ܧ௙ ሺ ? ?ሻ 
 െܵ ൅ ܵ௖ ൌ ܽ߬ ܫ݋݃ܧ௙ሺ ? ?ሻ 
 
where Sc is the integration constant. Eq. (52) describes the inverse relationship between 
the real contact area and the frictional energy (heat energy) at a given entropy. The 
increase of the real contact area and the reduction of the temperature rise take a balance 
to drive the temperature stable in the sliding state from the entropic point of view. 
 
4.6. Summary 
The proposed methodology can be used for estimation of the real contact area during 
sliding, which can improve design processes of mechanical devices by more accurate 
temperature rise prediction due to interfacial friction.  
The existing contact theories, reviewed in the Introduction section, employ the sphere 
contact model based on Hertzian theory. However, asperity models applied to the sphere 
are limited as the tip of the curvature is uniquely determined by the radius. In contrary, 
the proposed sinusoidal asperity model is more convenient because the asperity height 
DQGWKHUDGLXVRIWKHFRQWDFWWLSFDQEHFRQWUROOHGE\KDQGȖSDUDPHWHUVindependently. 
The modified real contact area theory is universal, and expandable, while offering an 
equivalent precision to the existing theories. 
 
 
5. Conclusions 
The effect of real contact area on the temperature rise at the sliding interface between 
DLC coating and steel ball was discussed in this paper. The following conclusions can be 
drawn from this work: 
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z The real contact theory based on the sinusoidal model was derived from the modified 
Hertzian theory and the measurement method of the real contact area was proposed. 
As the result, real contact area ratio is uniquely determined by the mean height Ɋ, 
standard deviation ɐ obtained by 3D surface height distribution and the 
dimensionless d0. 
z Good correlation between the modified contact theory based on sinusoidal model and 
Greenwood-Williamson model was demonstrated. 
z The temperature rise at the DLC/steel sliding interface was estimated by the thermal 
indicator paint and it was found that the sliding area experienced temperature rise to 
over 260 Ԩ. 
z The real contact area to nominal contact area ratio of 1/1000 was estimated using the 
computer simulation. 
z The real contact area and the temperature rise take a balance to drive the temperature 
stable in the sliding state at a given entropy. 
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Figure captions 
 
Figure 1. Contact geometries at three length scales. 
Figure 2. 2D sinusoidal model: (a) ɀ=2, (b) ɀ=1, (c) ɀ=4. 
Figure 3. 3D sinusoidal model. 
Figure 4. Contact portion of the sinusoidal curve. 
Figure 5. Contact mode between two asperities. 
Figure 6. Side wall contact condition of the two asperities.  
Figure 7. Surface roughness parameters. 
Figure 8. Geometric relationship between the flat surface and sinusoidal asperity. 
Figure 9. Relationship between the real contact area ratio and normalised d0. 
Figure 10. Normalised pressure as a function of normalised d0. 
Figure 11. Real contact area ratio plotted as a function of normalised pressure using d0. 
Figure 12. Schematic of a ball model for the temperature simulation. 
Figure 13. Temperature distribution in the steel ball. 
Figure 14. Maximum temperature rise as a function of frictional energy and 
contact area. 
Figure 15. Simulation results of the temperature rise at the sliding interface as a 
function of the sliding velocity and the real contact area ratio. 
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Figure 16. Optical images of the thermal indicator paint near the worn area of  
(a) the steel ball and (b) DLC. 
Figure 17. Contact area interference. 
Figure 18. Measurement segment of the 3D laser microscope. 
Figure 19. Real contact area ratio using the normalised surface height distribution. 
Figure 20. Surface height distribution of the DLC on WC-9%Co. (a) before tribotest,  
(b) after tribotest 
Figure 21. Surface height distribution of the nitrogenated DLC on WC-9%Co.  
(a) before tribotest, (b) after tribotest 
Figure 22. Polished asperities due to tribological interaction 
Figure 23. Deviation of surface height distribution due to polishing.  
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